Summary. Sediment layers deposited under water undergo a deformation that for low soil concentrations can be described by a scalar nonlinear hyperbolic conservation law. The associated flux function is non-convex and compound shock waves arise, which are shocks followed or preceded by a rarefaction with the shock speed equal to the wave speed at the point of attachment. The paper describes an experimental study of compound shock waves in sediment beds and the numerical modelling of the sedimentation process using an experimentally obtained flux function for kaolinite soil. The work also fits in a broader investigation of the transition parameter between the physical processes of soil sedimentation and consolidation, as the data obtained allows identification of this parameter.
Introduction
In soil sedimentation processes soil particles settle in a fluid as a group, driven by a flux function which only depends on the particle concentration. The mathematical formulation is simply given by the continuity equation which is classified as a hyperbolic partial differential equation:
where n is the porosity, defined as the volume of voids divided by the total volume. Given an initial uniform porosity in a settling experiment, different types of shock waves will propagate through the sediment depending on the precise form of the flux function, f (n). For soil suspensions very little is known about the form of the flux function or about the convexity or non-convexity of the function. However, detailed experimental proof of discontinuities propagating in sediments dates from the early 1980's [3] , and has later been confirmed by others [1] . This paper presents soil sedimentation experiments, in which shocks are tracked by carefully monitoring surface settlement and X-ray density or porosity profiles, to obtain a suitable flux function for the kaolinite soil used. The flux function is validated by using it in a numerical solution of equation 1, which is compared with experimental results. The group settling of particles dependent only on the local concentration, often also called hindered settling, defines the sedimentation process, and the experiments performed in this study are focussed on the range of porosities where this physical mechanism is dominant. When suspensions become more dilute, drag forces around the larger particles will move the smaller ones up, leading to the process of differential settling. Next to an upper bound in porosity for the sedimentation process, there is a lower bound for denser suspensions, where the particle interactions provide a supporting framework which influences the settling process. This process is known to geotechnical engineers as large strain consolidation [7] . Neither the upper or lower bound processes are considered in this paper.
Kynch [8] was the first to formulate the theory of sedimentation, which was later mainly applied in chemical engineering problems, such as fluidisation. Often artificial particles were used, eg glass beads and rubber balls, but some work was also performed on soil sediments. Michaels & Bolger [10] showed that the theory of sedimentation applies to non-equisized particles and flocculated suspensions. In geotechnical engineering problems the volume reduction of a suspension bed by sedimentation is typically in the order of 50%, and therefore a good understanding is of great importance for design and management purposes. In spite of this in practice soil sedimentation is most often treated as an instantaneous collapse of the suspension bed.
Wave Structures
The soil sedimentation process starts from a uniformly mixed soil-water suspension, and subsequent temporal evolution is characterised by an increasing clear water layer appearing at the surface and a more compact soil bed building-up from the base. The experiments presented in this paper are carried out in settling columns with an internal diameter of 101 mm. The soil used is industrially exploited kaolinite, which has a variety of applications, eg in the paper industry. It is chosen here for its very fine grain size: 90 percent of the particles, d 90 , have a diameter smaller than 8 micron and 10 percent, d 10 , is smaller than 0.7 micron. Therefore, it is most likely that the region of porosities at which differential settling occurs will be fairly narrow and the sedimentation region can also be found not too far from water (n = 1). Figure 1 shows the results of a settling experiment in which the evolution of the porosity profiles is monitored by measurement of X-rays passing through a settling column containing a kaolinite suspension. The method provides an accuracy of measurement of porosity of ±0.0013 and a spatial resolution of ±1 mm [3, 12] . At the 29 min profile a thin, more compact layer has formed at the base, which is divided from the initial porosity by a discontinuity. At the top another discontinuity separates the initial porosity from that of water. With the passage of time the two discontinuities move towards each other as shock waves, as seen in the 98 and 177 min profiles. Three distinct parts can be identified: a lower porosity bed, the initial porosity layer and a water layer. Eventually the two shock fronts meet each other, and further compaction occurs. This process of sedimentation in a settling column experiment, described by equation 1 depending on the flux function f (n) and the position of the initial porosity on it. If porosity discontinuity, such as the water-suspension interface or the suspension-bed interface, is plotted in (x, t) space, shock waves can be classified in terms of the characteristic lines that intersect the shock. A regular shock wave occurs when the characteristic lines (with slope f (n)) enter the discontinuity from both sides. Then the speed of the shock is determined by the Rankine Hugoniot Jump Condition:
Equivalently if, with n l and n r the porosities on the left and right of the shock, respectively, the entropy condition [11] 
is satisfied for all n between n l and n r , a regular shock occurs. When condition 3 is not fulfilled, the relevant solution is a rarefaction wave or a compound shock wave. When the local wave speed diverges away from the shock on the left and right side, a rarefaction wave is obtained. For a compound shock wave, characteristic lines go into the shock on one side, while on the other side the characteristic line or local wave speed is parallel to the shock. In order to illustrate these three different types of shock waves, simple flux functions are assumed. For the regular shock wave, a convex flux function f (n) = n(1 − n)/2 is taken. Expressions 2 and 3 applied to the sedimentation problem will, for any initial porosity, result in two regular shock waves, down-and upwards, as the characteristic lines go into the shock, see figure 2(a). Upon increasing the order by one, the now non-convex flux function, f (n) = n 2 (1 − n)/2, contains an inflection point. The downward moving shock remains regular. However, from the base a rarefaction ( figure 2(b) ) or a compound shock wave (figure 2(c)) travels upwards. If the initial porosity, n i , is smaller than or equal to the porosity at the inflection point, n I , a rarefaction will occur. A compound shock wave propagates when n i > n I . Note that all the porosities from the characteristic line of the top rarefaction down to n = 0 are included in the rarefaction. Different forms of compound shock waves can occur if the number of inflection points increases. As long as there is no inflection point between n = 1 and the porosity that corresponds to the maximum flux, a regular shock wave is always obtained for the sediment-water interface. It is well-known that compound shocks arise in systems described by hyperbolic conservation laws with non-convex flux functions, i.e, for which wave speeds do not vary in a monotonic manner with relevant changes of the state variables. Many physical systems that can be described by hyperbolic conservation laws have flux functions with quadratic nonlinearities that are convex. For example, the scalar Burgers equation and the system of Euler equations for gas dynamics are convex such that compound shocks do not occur. More complex flux functions may be obtained when real gases are modelled, which may allow for the occurrence of compound shocks. An early example of a non-convex scalar flux function is given by the Buckley-Leveret equation which models two-phase flows that pertain to oil recovery problems [9] . This equation exhibits a cubic flux function. The system of magnetohy- drodynamics equations has two non-convex modes [4] and exhibits compound shocks, which have been found in numerical simulations in one, two and three spatial dimensions [4, 5, 6 ].
Experimental Observations
The flux function of kaolinite suspensions can be determined from experimental observations by applying the Rankine-Hugoniot Jump condition, equation 2. For initial porosities between that corresponding to the maximum flux and unity (water), digital imaging has been used to locate the sediment-water interface with an accuracy better than 0.6 mm. The sediment surface settlement was monitored in thirteen such experiments, covering an initial porosity range from 0.94 to 0.98. Figure 3(a) shows an example of the surface settlement, and it can be clearly seen that the sediment first settles at a constant rate and then reduces to a much slower settling rate. The speed of the surface sediment is depicted in figure 3 The surface track data and the shock track data overlap in the region of n=0.94 to 0.96. Between this maximum and water (n=1) a steady decrease in the flux is observed. The sedimentation experiments performed show that the flux function of kaolin is highly peaked. In order to perform numerical predictions of sedimentation experiments of kaolin suspensions a fitted function needs to be found. The basic condition for the function is that the flux needs to be zero for pure solids and water, respectively n=0 and n=1. Preferably the function should contain only one inflection point to avoid very complex wave structures [9] . By splitting the flux function up in three parts, simple power law expressions can be used:
where b, b and b are determined by calibration and fulfill the condition for continuous differentiability: The inflection point I and the maximum M are partly chosen by fitting functions f 1 (n) and f 3 (n) to the data and partly on an arbitrary basis. Having determined the inflection point I, compound shock waves will only occur for initial porosities larger than n I . The magnitude of the porosity jump can easily be determined by drawing a tangent line from the initial point (n i ,f (n i )) to the flux function and the corresponding difference in porosity equals the step magnitude (Jump) as illustrated in figure 6 . The speed of the shock attached to the rarefaction is determined as the slope of the tangent line from n i to the inside of the flux curve [9] .
Numerical Simulation Results
The double Riemann problem described by equation 1 is numerically approximated by a conservative second order accurate slope limited scheme [9] . The conservation property of the numerical scheme results in correctly calculated wave speeds.
Model
Exp.
Time The model has clearly predicted the same constant settling rate before the slow down, but the experiment experiences a time-lag due to the turbulent energy of the mixing process, which cannot be predicted by the model. At the point the first characteristic meets the surface shock the settling slows down and the time-lag disappears and model and experiment are in accordance. The best way to evaluate the validity and quality of the sedimentation model is by comparing it to the upward travelling porosity shock. In order to make a realistic comparison of the porosity profiles, the time-lag of the experiment is shifted back to correspond with the model prediction. Figure 7 (b) compares the experimental porosity profiles to the numerically simulated. At 43 and 73 minutes realistic approximations of the porosity shock moving upwards and the porosity profiles underneath the shock are obtained. At the base the model has a porosity that equals zero, though in the experimental profiles this is far greater. This feature becomes more apparent for the later profiles where the porosity decreases gradually. The predicted magnitude of the shock is good, while the tracking in time is relatively good and almost exact in the profiles of 133 and 143 minutes. The shapes of the experimental porosity profiles from the base up to the shock after 73 minutes are concavely shaped from the base upwards, but turn gradually over to a convex shape towards the shock. The model predicted profiles all have a concave shape from the base to the shock, with a significant amount of material contained at the base. Consolidation is a dissipative process and is thus not modelled by the dissipation-free hyperbolic equation 1. It is in this dissimilarity in predicted and experimental porosity profiles, that the neglected diffusive particle interaction and consolidation process in equation 1 and in the theory of sedimentation becomes most apparent. The theory of soil consolidation [7] is built-upon the deformation by particle interaction only, and concave-convex porosity profiles can be predicted [2] , though this model does not handle the experimentally observed compound shock waves.
Conclusions
It has been shown that by using the Rankine-Hugoniot Jump Condition, equation 2, an experimental flux function can be derived from the experiments performed. Three similar power law expressions, which together differentiate continuously and define one inflection point and a maximum, give a simple but accurate representation of the experimental data. The region of porosities where compound shock waves occur, is situated between n I and 1.
Numerical predictions of the surface settlement provide a good simulation of the constant settling rate and subsequent reduction in speed, despite the initially slower start of the experiment. The upward-shock tracking performance of the model is satisfactory and the size of the jump is adequate. Initially the soil bed porosity under the shock is also predicted well, but as the bed grows a differently shaped form is obtained due to the influence of inter-particle forces.
Overall it can be concluded that compound shock waves typify sedimentation and exist for kaolin suspensions only in a narrow region of initial porosities. It is clear from figure 7(b) that the dissipative effect of consolidation manifests itself in the whole rarefaction part of the compound shock. The question at which porosity consolidation first occurs for a given material has been investigated in the literature but has not been answered satisfactorily. The experiments and simulations reported in this paper suggest strongly that consolidation occurs in the whole rarefaction part of the compound shock. We thus conclude that, for a given material and a given experiment, the highest porosity for which consolidation occurs is the porosity at the characteristic line that connects the rarefaction to the compound shock (the tangent point in figure 6 ). This highest porosity does thus not only depend on the material, but also on the porosity above the compound shock, which is the uniform initial porosity in our sedimentation experiments. When varying this initial porosity in the experiments, the absolutely highest porosity for which consolidation can occur is the porosity corresponding to the inflection point n I in figure 6. This identifies clearly for which porosity the transition between sedimentation and consolidation occurs.
